A new study on the pressure-induced phase transitions of TiO 2 has been performed using all-electron density-functional theory based computations with the projector augmented wave and the linearized augmented plane wave methods considering five experimentally observed structures. The static results yield a picture that is consistent with experiments, i.e., phase transitions with pressure are predicted as rutile → monoclinic baddeleyite (MI) → orthorhombic I (OI) → cotunnite (OII) on compression, and OII → OI → MI → columbite (TiO 2 II) on decompression. The elasticities of these five polymorphs are compared. Except for the baddeleyite structure, which is considerably softer than the other polymorphs, all phases show a zero pressure bulk modulus in the range of 200-240 GPa, consistent with compression results and the single crystal elastic constant; on the basis of these results we can say that the cotunnite phase is not a superhard TiO 2 polymorph as has been suggested previously. We further find that the rutile and columbite structures are energetically very similar, with the columbite structure favored slightly. All polymorphs are predicted as insulating with comparable band gaps (∼1.7-2.3 eV). Crystal field splitting for the Ti 3d electronic states leads to two distinct conduction bands in rutile and TiO 2 II for energies smaller than 8 eV, while there is a single conduction band for the other high pressure structures.
Introduction
Titanium dioxide (TiO 2 ) is a very important technological material, which is widely used as a white pigment and opacifier due to its brightness and very high refractive index (n = 2.7) [1] , and also applied in photocatalysts and electrochemical dye solar cells due to its wide bandgap (E g = 3.0 eV) [2] . The possibility to quench high pressure forms of TiO 2 to ambient conditions with different properties is potentially of great importance for technological applications [3] . As rutile is isostructural to the high pressure form of SiO 2 , stishovite, it is also of considerable interest for studies of mineral stability at high pressure and relevant for the structure of the Earth's interior, especially when investigating post-stishovite phases for SiO 2 rich compositions such as basalts [4] . As a 3 Author to whom any correspondence should be addressed.
consequence, the high pressure structural behavior of TiO 2 is a classical subject in material and mineral sciences.
In natural samples at ambient conditions, TiO 2 often occurs in the rutile (space group P4 2 /mnm and Z = 2), anatase (I 4/amd and Z = 4) and brookite (Pbca and Z = 8) structures. Calorimetric measurements show that among them rutile has the lowest enthalpy of formation [5] [6] [7] [8] . To date rich high pressure polymorphism of TiO 2 has been observed experimentally: columbite (referred to as TiO 2 II, Pbcn and Z = 4), baddeleyite (MI, P2 1 /c and Z = 4), orthorhombic I (OI, Pbca and Z = 8), and cotunnite (OII, Pnma and Z = 4) respectively [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The observation and potential nature of cubic TiO 2 (in the fluorite or pyrite structure) as the post-OI phase is still controversial [3, 21, 22] .
When compressing rutile, it transforms to MI at ≈12 GPa [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , and to OI at 25-30 GPa by laser heating, then to OII at 48 GPa [16, 19, 20] . On decompression, phase transitions occur from MI to TiO 2 II below 10 GPa [13-16, 19, 20] , and TiO 2 II is the only phase quenched to ambient conditions [19, 20] . As far as we know, TiO 2 II has never been observed in situ in x-ray diffraction experiments for rutile as starting material on compression at room temperature. In Raman studies, however rutile has been proposed to transform directly to TiO 2 II [23] [24] [25] .
There is considerable discrepancy between different computational studies on TiO 2 phase stability at high pressure using electronic structure methods. A general agreement is that the TiO 2 II phase is stable between rutile and the MI structure [16, 18, [26] [27] [28] , and about the initial phase transition sequence both within the local density (LDA) [26] and generalized gradient (GGA) [28] approximations to the exchange and correlations potential: rutile → TiO 2 II → MI. Sasaki [28] further predicted that the OI structure has higher energy than MI, up to at least 80 GPa, and was unlikely to be the post-MI phase.
However, competing LDA full-potential linear-muffin-tin-orbital (FP-LMTO) simulations predicted the OI structure as the post-MI phase, with an extended phase transition sequence: rutile → TiO 2 II → MI → OI → OII [16, 18] , also confirmed by LDA-linearized combination of atomic orbitals (LCAO) computations (not considering the OI phase) [27] . All cubic structures considered as the post-OI phase are predicted to be unstable at high pressure in computations [16, 18, 27, 28] .
Some high pressure phases of TiO 2 (cotunnite OII and potential cubic phases) have been proposed to be superhard materials [17, 21] . For the OII phase experiments have reported an extrapolated B 0 = 431 GPa [17, 18] , a value that has been supported by Hartree-Fock computations that predicted B 0 = 380 GPa [27] . In more recent work it has been pointed out that the approximation to the exchange and correlation potential (LDA versus GGA) results in a large difference of B 0 , with LDA yielding values in excess [27, 29] and GGA below 300 GPa [20, 29, 30] , a value much lower than experimental data. Also, two recent experimental re-investigations of OIITiO 2 resulted in data that were in discrepancy with the previous measurements, and yielded a lower B 0 (306 GPa [19] and 312 GPa [20] ) when B 0 was fixed as 4.0. This discussion clearly illustrates why additional careful electronic structure computations are required to clarify some of the discrepancies reported in the literature. Here we perform computations using two highly accurate all-electron methods within DFT and GGA to explore the high pressure phase stability and equations-of-state of TiO 2 polymorphs. Computations of single crystal elastic constants allow us to cross-check the bulk modulus obtained from fitting energyvolume relations using finite strain theory.
Methods
Calculations performed here are based on DFT with GGA, as implemented in the VASP [31] and WIEN2K [32] packages. In VASP we used the projector augmented wave (PAW) method [33] within the GGA formulation by Perdew et al [34] through the potentials supplied with the VASP package. We set the kinetic energy cut-off for plane wave expansion to 700 eV in order to obtain fully converged results. For Brillouin zone sampling, we used the Monkhorst-Pack scheme with 4 × 4 × 6 k-points for TiO 2 rutile, 4 × 4 × 4 for TiO 2 II and MI, 2 × 4 × 4 for OI, and 2 × 4 × 2 for OII. Computations were performed for a number of different volumes for each crystalline system. Energy-volume results were fitted with a third-order equation of state (Birch-Murnaghan EoS) [35] . Single crystal elastic constants were computed from stressstrain relations [36] , straining the lattice and computing the resulting elastic constant tensor through changes in the stress tensor (σ ) with respect to applied strain (ε). Positive and negative strains of magnitude 1% were used in order to accurately determine the stresses in the appropriate limit of zero strain.
In addition, we performed calculations with the linearized augmented plane wave + local orbitals (LAPW + lo) method. As for the PAW computations we treated effects of exchange and correlation by GGA [34] . The muffin-tin radii of Ti and O were kept constant for the different structures as 1.6 and 1.8 Bohr, respectively. The size of the basis is set by R MT * K MAX = 7.0, and reciprocal space sampling was chosen with 1000 k-points in the full Brillouin zone. Structure and atomic positions were fully optimized again within the LAPW computations, except for the monoclinic phase (MI) where the cell geometry was fixed to that from the PAW computations (but positions were optimized in the LAPW computations).
The LAPW E-V results were also fitted with a third-order Birch-Murnaghan EoS [35] .
Results and discussion

Phase stability and equation of state
The total energies, calculated as a function of the volume for five phases, are compared in figure 1(A) (PAW) and (B) (LAPW); solid lines are the finite strain EoS fit to the results. The corresponding parameters for the EoS are listed in table 1, [20, 21] , still considerably larger than the GGA computations performed here and in their own work [21] . Our fit results are independently confirmed from the single crystal elastic constant computations (discussed in more detail below) that yield a Voigt-Reuss-Hill average for B 0 of 200 GPa at the zero pressure volume (table 3) . From our computations we find the rutile and TiO 2 II phase energetically very similar (with TiO 2 II having slightly lower energy at low compression), and subsequent phase transitions under pressure occur to the MI, OI, and OII phases. Converting internal energies to enthalpies using the EoS (figure 1) and starting with rutile we predict a transition to the MI phase at ∼5 GPa, to OI at ∼30 GPa, and to OII at ∼40 GPa, in close agreement with experiments [12, 13, 15, 16, 19, 20] (table 2) . On decompression the MI phase converts to TiO 2 II at ∼7 GPa, never recovering the rutile structure, also in agreement with experiments that are unable to back-transform TiO 2 to rutile under decompression [19, 20] . The small energetic difference between TiO 2 II and rutile at V 0 (+33 meV/f.u. in calorimetric measurements [5] and −4 meV/f.u. in the computations) are most likely the reason for the absence of TiO 2 II on compression, and rutile on decompression.
Elasticity
The single crystal elastic constants of all five TiO 2 polymorphs were computed at the theoretical equilibrium volumes (V 0 , table 1) using a linear stress-strain relation based on generalized Hooke's law (table 3) . The six independent single crystal elastic constants of the rutile phase are consistent with previous experimental [39] [40] [41] and theoretical results [30, 37] (table 3). In the rutile phase, C 33 is larger than C 11 as expected, because the c axis is parallel to the chains of edgesharing TiO 6 octahedra, resulting in greater stiffness. However, elastic constants of the OII phase are inconsistent between our results and previous computations using LDA and GGA implemented in the SIESTA software [29] . Especially the longitudinal elastic constants C 11 , C 22 and C 33 are affected. One of the reasons is that the zero pressure volume is 26.3Å 3 per molecular formula in our calculations, but 23.8Å 3 (LDA) or 25.4Å 3 (GGA) in [29] , i.e. at considerably lower volume (higher pressure) which should yield considerably stiffer elastic moduli. Further, the elasticity of OII-TiO 2 is sensitive to the treatment of the exchange-correlation energy, as illustrated by the previous results [29] that show very different values between LDA and GGA, e.g. for C 33 a value of 649 GPa in LDA versus 282 GPa in GGA computations. In addition, using and averaging positive and negative strains is very important in order to obtain reliable results. In our case, a strain of magnitude 1% was used, while 2% was applied in [29] , further away from the approximation of infinitesimal strain. The bulk (B) and shear (G) moduli of the aggregate can be obtained from the single crystal elastic constants by the Voigt-Reuss-Hill approximation B = (B V + B R )/2 and G = (G V + G R )/2, where V denotes the Voigt and R the Reuss average [42] . The values for the bulk moduli computed this way by use of the polyxcrystal software [43] are in good agreement with the E-V EoS fitting (table 3) , providing a cross-check with the compression results.
Single crystal anisotropy (except the monoclinic MI phase) can be described by three shear anisotropy factors (Zener ratios) [44] : A 1 = 4C 44 /(C 11 + C 33 − 2C 13 ) for the (100) shear plane, A 2 = 4C 55 /(C 22 + C 33 − 2C 23 ) for the (010) shear plane, and A 3 = 4C 66 /(C 11 + C 22 − 2C 12 ) for the (001) shear plane. A value of one indicates elastic isotropy, and departure from unity corresponds to the degree of elastic anisotropy ( figure 2(A) ). In rutile, the (100) and (010) shear planes are nearly isotropic with A 1 = A 2 = 1.02, but with A 3 = 3.45 a much larger shear anisotropy in the (001) plane exists. In the TiO 2 II phase, the three Zener ratios are similar and close to one, indicating there is not much anisotropy. The orthorhombic phases OI and OII are more anisotropic than the TiO 2 II phase.
Alternatively and complementary, elastic anisotropy can be presented as the percentage difference in incompressibility and shear modulus computed by the Voigt and Reuss averages [45] :
A value of zero indicates elastic isotropy and one is the maximum anisotropy. Using this formulation also allows a consideration of the monoclinic MI phase. As expected, A B is smaller than A G in all five forms of TiO 2 ( figure 2(B) ). TiO 2 II is least anisotropic, and rutile and the OII are most anisotropic ( figure 2(B) ), in agreement with the results from the Zener ratios ( figure 2(A) ). Figure 3 displays the densities of states (DOS) for the five phases at zero pressure. The electronic structure of TiO 2 is governed by a strong hybridization between the Ti 3d and the O 2p states around the Fermi level. It is very clear that TiO 2 is a semiconductor with a small bandgap (∼2 eV) in different forms. The upper valence band is dominated by oxygen 2p levels and its width increases from rutile to the OII phase. The lower valence band is at ∼10 eV smaller energy with a width of ∼2.0-3.5 eV, and is dominated by oxygen s levels. The lower conduction band is formed mainly by Ti 3d states. For rutile and TiO 2 II there are two separate conduction bands below 8 eV, which are attributed to the crystal field splitting of the Ti 3d wavefunctions into states with t 2g and e g symmetries in the TiO 6 octahedral environment [46, 47] . However, a single and narrow conduction band appears in the MI, OI and OII phases, because an increase of the coordination number for Ti (MI: CN = 7; OI: CN = 7; and OII: CN = 9) makes Ti 3d electronic states more localized.
Electronic structure
Conclusions
In the current work, we have investigated the structural stabilities, elastic properties, and electronic properties of five polymorphs of TiO 2 observed experimentally, using the PAW-GGA and LAPW-GGA methods based on DFT. The computational results unambiguously demonstrate that the total energy of the TiO 2 II is smaller than that of rutile at lower pressure, which can explain why the rutile phase is absent under decompression in experiments. The predicted phase transition sequence and transition pressures are consistent with experimental work [12, 13, 15, 16, 19, 20] . The bulk moduli have been analyzed and discussed based on equation of state fits and single crystal elastic constants: except for the soft MI phase, B 0 for all phases falls in the range of 200-240 GPa, suggesting that the cotunnite (OII) phase is not a superhard material as has previously been claimed from experiments [17, 18] and some computations [27] . The electronic properties show that all five polymorphs of TiO 2 considered here are semiconductors, and the lower conduction band is dominated by Ti 3d states that are sensitive to the coordination number of titanium.
